PARAMETER-SHIFTED SHADOWING PROPERTY FOR 
GEOMETRIC LORENZ ATTRACTORS 



SHIN KIRIKI AND TERUHIKO SOMA 

Abstract. In this paper, we will show that any geometric Lorenz flow in a 
definite class satisfies the parameter-shifted shadowing property. 



1. Introduction 

We will study the problem whether there exists a definite class of geometric 
Lorenz flows which can be depicted as accurately as one desires. Theoretically, 
such an accurate depiction is guaranteed by the shadowing property. However, 
Komuro |Hj showed that geometric Lorenz flows do not satisfy the (parameter- 
fixed) shadowing property except very restricted cases. So, we need to consider 
our problem under a somewhat relaxed condition, which is the parameter-shifted 
shadowing property in our case. 

The geometric Lorenz model is one of important examples in dynamical systems, 
which was studied in the initial stages by Guckenheimer and Williams |51 1191 171 12(J | . 
Afraimovich-Bykov-Shil'nikov PP and Yoke- Yoke |23. Their aim was to construct 
topologically a simple mechanism which can give results similar to that of the 
parametrized ODE system in R 3 presented experimentally by Lorenz For 
some parameter values, Lorenz observed typical characters of chaotic motions in 
butterfly-shaped attractors. The question whether or not the original Lorenz system 
for such parameter values has the same structure as the geometric Lorenz model 
has been unsolved for more than 30 years. By combination of normal form theory 
and rigorous computations, Tucker JJJ answered this question affirmatively, that is, 
for classical parameters, the original Lorenz system has a robust strange attractor 
which is given by the same rules as for the geometric Lorenz model. From these 
facts, we know that the geometric Lorenz model is crucial in the study of Lorenz 
dynamical systems. See Viana |18| for more information. 

The first return map on a Poincare cross section of a geometric Lorenz flow 
is a Lorenz map L : £ \ L — > £, where £ = {(x,y) € R 2 ; \x\, \y\ < l} and 
L = {(0, y) G R 2 ; |y| < l}. So, we will first prove the parameter-shifted shadowing 
property (PSSP) for Lorenz maps. 

Theorem A There exists a definite set C of Lorenz maps satisfyingly the following 
condition. 
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• For any L G C and any e > ; there exist fj, > and S > such that any 
S-pseudo orbit of the Lorenz map L M with L fJ/ (x,y) = L(x,y) — (fj,x,0) is 
e-shadowed by an actual orbit of L. 

The strict description of L is given in the next section. 

In the case when any elements in a one-parameter family {/^j^g/ are naturally 
defined maps, 'PSSP for f = fo' means that any <5-pseudo-orbit for / is e-shadowed 
by an actual orbit of / M for some (i € I. This idea was first introduced by Coven- 
Kan- Yorke and Nusse-Yorke ^3 m some one-dimensional dynamics. See also 
Kiriki-Soma [H] for PSSP for Lozi maps. In the present case, L^'s other than the 
original L are artificially defined maps. We wish here to describe actual orbits 
of the given map L as accurately as possible but not those of auxiliary maps L M , 
fi > 0. Thus, we adopt as our definition of PSSP for L that any <5-pseudo-orbit for 
is e-shadowed by an actual orbit of L. 

As an application of Theorem A, we have the following result, which is our main 
theorem. 

Theorem B Any geometric Lorenz flow controlled by a Lorenz map L G C has the 
parameter- shifted shadowing property. 

See the next section for the definition of the parameter-shifted shadowing prop- 
erty of Lorenz flows. 

2. Preliminaries 

Let E± denote the components of S\T with E± 3 (±1,0). A map L : S\T — > S 
is said to be a Lorenz map if it is a piecewise C 1 diffeomorphism which has the 
following form 

L(x,y) = (a(x),(3(x,y)), 

where a : [—1, 1] \ {0} — > [—1, 1] is a piecewise C-'-map with symmetric property 
a{— x) — —a(x) and satisfying 

( lim x _ >0 + ot{x) = -1, a(l) < 1, 

\ lim. c _ + o+ a'(x) = oo, a'(x) > \/2 for any x G (0, 1], 

see Fig.nj(a), and f3 : S\T — > [— 1, 1] is a contraction in the y-direction. Moreover, 
it is required that the images L(S + ), are mutually disjoint cusps in E, where 

the vertices v + , v_ of £(£±) are contained in {±1} x [—1, 1] respectively, see Fig. 
□(b). 

Now, we introduce the notion of the shadowing property for Lorenz planar maps. 

Definition 2.1. For 5 > 0, a sequence {x„}„>o C S is called a 8-pseudo-orbit of 
a Lorenz map L if 

|£(x„) - x„ + i| < 5 

for any integer n > 0. Here, we suppose that if x„ G T, then x n+ i is contained in 
one of the ^-neighborhoods of v + and v_ . 

Definition 2.2. A Lorenz map L has the parameter- shifted shadowing property, for 
short PSSP, if there exists a one-parameter family {L M } M6 / of Lorenz maps with 
/ = [0, fio] for < /io < 1 satisfying following conditions (i) and (ii). 
(i) L Q = L. 
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Figure 1. 



(ii) For any e > 0, there exist 8 > and /i 6 / such that any 5-pseudo-orbit 
{x n } n >o of is e-shadowed by an actual orbit of L, i.e. there exists a 



z e E \ r such that 
for any n > 0. 



|L"(z) 



< £ 



When the parameter of {L^j^g/ is fixed, i.e. / = {0}, the definition of PSSP 
is identical to that of the original (parameter-fixed) shadowing property given in 
P]. According to Komuro (§1 Theorem 1], L has the parameter-fixed shadowing 
property only when a(l) = 1, see also In our case, since a(l) < 1 by l|2.ip . 
any Lorenz map L does not have the original shadowing property. 

We are mainly concerned with Lorenz maps L(x,y) — (ot(x), (3(x, y)) satisfying 
the following extra conditions l|2.2|l - H2.4|) . 

3 

< — — for any (x, y) € S \ T, 



(2.2) 



4^2 



(2.3) 



0.8 < a 2 (l) < a(l) < 1, 



(2.4) a'(x) < 2 for any x with 0.8 < x < 1. 

These conditions are not so severe, and it is not hard for us to construct various 
Lorenz maps satisfying them practically. In the condition (|2.2(l . we took the con- 
crete value 3/(4\/2~) in order to simplify the proof of the theorem below. In fact, 
one can prove the theorem under the weaker assumption: 

1 



sup 

(x,y)eS\T 



< 



V2' 



The following is the precise statement of Theorem A. 



Theorem 2.3 (PSSP for Lorenz planar maps). Any Lorenz map L with the con- 
ditions H2.2|) - (|2.4|) admits a one-parameter family {L^j^g/, 

L»(x,y) = L(x,y) - (nx,0), 
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satisfying the parameter- shifted shadowing property. Precisely, for any e > 0, there 
exist 6 > and n G I so that the following (i) and (ii) hold. 

(i) Any infinite S -pseudo- orbit {x„}™ =1 of (possibly x„ G T) is e-shadowed 
by the actual orbit {L"(z)}™ 1 of L for some z € E wii/i U°lo{ lrl ( z )} nr = 

0. 

(ii) Any finite 8 -pseudo-orbit {x„}™ =1 of with x m G T is e-shadowed by the 
actual orbit {L"(z)}™ =1 o/ L /or some z € E mi/i {f^{L n {z)} n T = 
and L m (z) G T. 

Let us identify E with {(a;,y,l) G M 3 ; \x\,\y\ < l}, and T with {(0,y,l) G 
R 3 ; |y| < l}. A C 1 -vector field Xl on M 3 is said to be a geometric Lorenz vector 
field controlled by a Lorenz map L : E\L — > E if it satisfies the following conditions 
(i) and (ii). 

(i) For any point (a;, y, z) in a neighborhood of the origin of M 3 , Xl is given 
by (x,y,z) = [\\x, — \2y, — A32;), where Xi are positive numbers satisfying 
A3 < Ai < A2. Moreover, T is contained in the stable manifold VF s (0) of 0. 

(ii) All forward orbits of X starting from E \ F will return to E and the first 
return map is L. 

Note then that is a singular point (an equilibrium) of saddle type, the local 
unstable manifold of is tangent to the £-axis, and the local stable manifold of 
is tangent to the yz-plane as shown in Fig. [21 A C 1 -map tp L • R 3 x K — > 



T L 



w\o) 







r 


J < 



w\o) 



Figure 2. 

]R 3 is the geometric Lorenz flow controlled by L (for short L-Lorenz flow) if it 
generated by Xl, i.e. vl( x , 0) = x and (d/dt)(pL(x, t) = Xl((Pl{*, t)). The closure 
of U z es\r fL( z ' [0' °°)) m i s homeomorphic to the genus two solid handlebody 
as illustrated in Fig. which is called a trapping region of <pl and denoted by T VL 
or Tl- Any forward orbit for ifL with an initial point in Tl can not escape from Tl- 
The invariant set Ht>o ^Pl^Tl, t) for Xl does not have any continuous hyperbolic 
splitting at 0, but it belongs to an essential class called singular hyperbolic, which 
is studied extensively from various approaches by Morales, Pacifico and others, see 
for details H El El El Ej 

Now, we introduce the notion of PSSP for Lorenz flows. 

Definition 2.4. Let ip be a geometric Lorenz flow, and S, t positive numbers. 
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(i) A sequence {x ra } n >o in with xo G £ is a (<5, r) -pseudo- orbit for the flow 
ip if there exists a sequence {r„}„>o such that, for any n > 0, 

t < t„ < 2r and |<0(x n ,r„) - x n+1 | < (5. 

For each n > 0, we set 

* n = V(x n ,[0,r n ]) 

and call {^f n } n >o the (5,T)-chain for -0 associated to {x„} n >o (or more 
strictly to {x„; t„}„> }). 

(ii) The (5, r)-chain { v t , rl }„>o is said to be e-shadowed by a flow ^ if there exists 
a point y G £ and a surjective C^diffeomorphism /i : [0, cxd) — > [0,oo) 
satisfying 



n-1 



< e 



for any t > with 52£_ Ti — * — S"=o Ti - Then, we also say that {^ n }n>o 
is e-shadowed by ip with ip(y,t);t > 0. 

Remark 2.5. In Definition 12. 41 (11. the upper bound condition r„ < 2r is not es- 
sential, but added for our convenience. When t„ > 2r for some n, split [0, r n ] 
into subintervals [r^ 4 , 7n ] (i = 1, • • • , fc) with t^ — 0, = r„ and r < 
Tn — Tn l ' < It. Then, the expanded sequence of {x„}„> obtained by adding 

the entries xl'' = ^(x,,,^) (i = 1, • • • , k — 1) between x n and x n +i defines a 
(6, r)-pseudo-orbit for ip in the sense of Definition I2.4I (TK see Fig. 




Figure 3. 



Definition 2.6. We say that a given geometric Lorenz flow ip (or the vector field 
generating ip) has the parameter- shifted shadowing property if there exists a C 1 - 
one-parameter family {</2^}^e[o,/i ] 01 geometric Lorenz flows such that 

(i) <A) = <p; 

(ii) for any e > 0, there exist (5, r > and /i G [0, [1q] such that any (5, T)-chain 
for ip M is e-shadowed by ipQ. 

The following is the precise statement of Theorem B. 



6 



SHIN KIRIKI AND TERUHIKO SOMA 



Theorem 2.7 (PSSP for Lorcnz flows). Any geometric Lorenz flow controlled by a 
Lorenz map satisfying the conditions l)2.2|l - l|2.4|l has the parameter- shifted shadowing 
property. 

Remark 2.8 (Absence of strong PSSP for Lorenz flows). Our PSSP for Lorenz 
flows is the weak one in the sense of Definition 3 in 0. We say that a (S, r)-chain 
{®n;n}n>o for Lp L)± is strongly e-shadowed by (p L with tp L (y, h(t)) t > if a diffeo- 
morphism h : [0, oo) — > [0, oo) as in Definition 12.41 satisfies the extra condition: 
\h'(t) — 1| < e for any t > 0. However, any ip^ as in Theorem 12 . 71 has a constant 
e = e(L) > such that, for any S, r > and any /i G I (possibly \i = 0), there 
exists a (<5, r)-chain for ifL which is not strongly e-shadowed by any actual flow of 
(fiL. This implies that <pl does not have the strong PSSP. In fact, one can define a 
(5, r)-pseudo-orbit {x„}„>o in TV for <pl such that, in a small neighborhood of 
in R 3 , the sequence satisfies x„ = x„ 0+ i = • • • = x„ n+m for an arbitrarily large 
m > 0. Such a sequence {x n }„>o is not strongly e-shadowed by tp^. The proof is 
elementary but somewhat tedious, so we will omit it. 

3. PSSP for Lorenz planar maps 

Let L : S \ L — > £ with L(x, y) = {a(x), [3{x, y)) be a Lorenz map satisfying the 
conditions (|2.1|l - 12.4|l . For any /j, > 0, consider the function a M : [—1, 1] \ {0} — > K 
defined by 

ct^i(x) = a{x) — fix. 

If /io = j-k){cf) > is sufficiently small, then for any /i G [0, fio], a M is a function 
with a^([-l,l] \ {0}) C [-1, 1] and satisfies <|2~TJl . jOJ and jft|. Set / = [0,/i ]- 
Then, we have the one-parameter family {L^\^ e j of Lorenz maps with 

L^{x,y) = (a IJl (x),P(x,y)) 

for (x, y) € £ \ T. 

By the condition l|2.3|l . there exists < ?/o < 1 such that, for any interval 
J = [—1], 0] or [0, rj] with < r\ < t]q and any € [0, /io], 

3 

(3.1) (J^(J)C [0.8,1]. 

For any e > 0, we set 

(3.2) ei =min{3Mo,y,^} and *=^- 

Proposition 3.1. TTie map a = a £1 /3 satisfies the following (i) and (ii). 

(i) Any infinite S -pseudo-orbit {x n }^ =0 of a is e/8-shadowed by an actual orbit 
{a"(z)}~ =0 of a for some z € [-1, 1] with {\™ =0 {a n {z)} J 0. 

(ii) Any finite S -pseudo- orbit {x n }™ =0 of a with x m = is e/8-shadowed by an 
actual orbit {a; n (z)}™ l =0 of a for some z E [—1, 1] with U™=o i an ( z )} $ 
and a m (z) = 0. 

Consider any infinite 5-pseudo-orbit {x n }^L of a. Let Iq be the closed interval 
in R with o(Iq) = xo and | Z 1 = 2ei, where \Iq\ is the length of Iq and o(io) is the 
center of lo. For the proof of Proposition l3.il we will define a certain sequence of 
closed intervals {l n }n>o in [—1, 1] with IntZ n n{0} = and a(l n ) D ln+i, where the 
notation lntl n means the interior of l n . 
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Suppose first that Iq {0} = 0. We may assume that Iq C (0,1]. Then, a(la) 
is the closed interval in [—1,1] such that a(xo) divides a(lo) into two intervals of 
length at least y/2ei. Since < a(x) — a(x) = (si/3)x < £i/3 for any x € (0, 1], 
a(Zo) is obtained from a(lo) by (0, £i/3)-RHS-shifting, see FigEJ where we say that 
for two closed intervals / = [e, f],l' = [e 1 , /'] and < 7 < ij, I' is obtained from I by 
(7 ,rj)- right-hand- side shifting (for short (7, 7y)-RHS-shifting) if 7 < e' — e < 77 and 
l<f'-f<V- 




FIGURE 4. '\/2ei + ' (resp. l £i/3— ') in the figure means that the 
length between the corresponding points is at least y/2ei (resp. at 
most £i/3). These rules are applied in any figures below. 



Since \x\ — S(xo)| < £i/100, the distance between x\ and either end point of 
a(lo) is at least \/2£i " £i/3 — £i/100 > E\. Thus, the interval l\ with |Zi| = 2e\ 
and o(l\) — x\ is contained in the interior of ol(Iq). If l\ n {0} = 0, one can define 
I2 C Inta(/i) with | Z3 ] = 2e\ and 0(^2) = ^2 similarly. 

Suppose next that lo fl {0} ^ 0. We may assume that x < and a(xo) > 0. Set 
Iq = Iq<~^ [—1,0]. Then, a(lQ~) is the closed interval in [0.8, 1] containing 1, see Fig. 
|SJ-(a). Note that the distance between a(xo) and the end point of other than 



oc(x n ) 1 




Ej/100- 



a(/ ) 



a(Z ) 



(a) 




Figure 5. 



1 is at least \plE\. The interval a(Zjf) is obtained from cx(Iq) by (0, £i/3)-RHS- 
shifting. Since |S(a;o) — xi\ < £i/100, the interval l\ = [x\ — (\/2 — l/100)£i, x\] 
is contained in ci(Iq). Note that, from the condition l|3.1|l . U?=o( aI ('i) U S l (Zi)) is 
contained in [0.8, 1]. Since a'(x) > y/2 for any x 6 (0, 1], the length of the interval 
a 3 (h) is at least 2v%/2- l/100)ei > 3.9ei. Since 0.8(2 + V2 + l)ei/3 > l.lei 
and (2 2 + 2 + l)ei/3 < 2.4ei, a 3 {h) is obtained from S 3 ^i) by (l.lei, 2.4ei)-RHS 
shifting, see Fig. 0(b) . Since a'(x) < 2 for any x € [0.8, 1], 

\a 3 ( Xl ) - x 4 \ < (2 2 + 2 + < 0.1 £l . 
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Thus, the closed interval Z4 with \li\ = 1e\ and 0(^4) = 24 is contained in Inta 3 (/i). 
Set h = a(h) and Z 3 = a(h). Then, \h\ < \h\ < 2 2 |Zi| < 6ei and, for i = 1,2, 

|a*(o:i) - a;i + i| < |a l (a;i) - + - a; J+ i| 

* ( 2 + 1 )(j + ^)< 1 -^ 

In particular, for any y G Z$, |y — < 6ei + l.lej < 8ei. Now, for any given 
{xn}%Lo °f we get the sequence of closed intervals {l n } n >o with IntZ„ n {0} = 
and a(l n ) D l n +i. For any n > 0, we set i„ T ^ 1 = a _1 (^ n +i) n i n . For any m > n + 1, 
Zm ^ can be defined inductively on to — n by Z^ l) = a- x (Z^ +1) ) n Z n . Note that the 
restriction a m_r *|Zro : Z^ — ► Z m is a bijection. 

Lemma 13.21 is proved by applying the argument above repeatedly. 

Lemma 3.2. There exists a sequence {l n }'^ D = o °f closed intervals satisfying the 
following conditions (i)-(iv). 

(i) ei < |Z„| < 6ei. 

(ii) For any y G l n , \y - x n \ < 8ei. 

(iii) If l n is not contained in [—1, —0.8] U [0.8, 1], then \l n \ — 2s\ and o(l n ) = x n . 

(iv) For any n > 0, a(l n ) contains l n +i and there exists m > n with lm C IntZ„. 
Moreover, if l n 3 0, then Int/^j n {0} = 0. 

The proof of Proposition 13 . II follows easily from Lemma \'d. 21 

Proof of Provosition Vi '. 1\ (i) Since Iq D 4° D 4°' -> " ' > * ne intersection H^Li 4t 
is non-empty. Take a point z G DnLi ^" ■ • Since a"(z) G Z„ for any n > 0, by 
Lemma 13.21 

|a"(z) - x n | < 8ei < e/8. 

If G Z n , then «"(z) G Zm' C IntZ^? 1 C Z„ for some m > n + 1. This implies 
a n (z) 7^ for any n > 0. 

(ii) Supposing that {x„}™ =1 is a finite subsequence of an infinite <5-pseudo-orbit 
of a, we have a sequence Zo, Zi, • • • , Z m of closed intervals satisfying the conditions 
(i)-(iv) of Lemma 13.21 If x m = 0, then l m is the interval with |Z m | = 2si and 
o(Z m ) = 0. In particular, G IntZ m . Thus, H™=i 4n contains a unique point z with 
a n (2) ^ for < n < m — 1 and a m {z) = 0. This completes the proof. □ 

Proof of Theorem (i) Let {x n }^ =1 be any (5-pseudo-orbit for L M with /j, = 

El/3. Set [ and \x n ] y = Vm where [w]^, [w] y denote respectively the 

x and y-coordinates of a point w G S. Then, {a; n }^i is a (5-pseudo-orbit for a. 
By Proposition 13. If D . there exists z G [—1,1] such that {a n (z)}^ =1 e/8-shadows 
{ x n}%Li- If we set z = (z, y ), then 

|z - X | = \Z- X \ < £. 

Suppose that \L n (z) — x„| < e for n = 0, 1, • • • , m. Let J be a straight segment in 
£ connecting L m (z) with x m . If c : [0, f] — ► J be an arc-length parametrization 
of J, then |c| 2 = c 2 + c\ = 1 and v < e, where c = (d/dt)c and e(t) = (ci(t), C2(i)). 
Since |a m (z) — x m | < 8si < 770, IntJ is disjoint from T. In fact, if IntJnT were not 
empty, by ffiTjl . then |a m+1 (z) - a(x m )| > 2(1 - | [0.8, 1]|) = 1.6. This contradicts 
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the following fact: 

\a m+1 {z) - a(x m )\ < \a rn+1 (z)- x m+1 \ + \x m+1 -a(x m )\ 

+ \a(x m ) - a(x m )\ < 8ei + 6 + y . 

Thus, L u oc : [0, v\ — > E is a continuous path connecting L n (L m (z)) with L n (x m ). 
For any t E (0, v), 

j t (L, ° c){t) = (^-{c{t))c x {t), ^{c{t))h{t) + ^(c(t))c 2 (t)) . 

By the condition l|2.2fi . 

IM^z))], - [^(x m )],| < JL ■ V2u < |, 

where the 'a/2' of is derived from the fact that the maximum of u + v is \/2 
under the assumption of u 2 + v 2 = 1. Note that [L n (L m (z))] y — [L m+1 (z)] y , and 

([^(xm,)]^ - y m +i\ < |£ M (x m ) - X m+ i| < <5. 

It follows that \[L m+1 (z)} y -y m+1 \ < 7e/8. Since ([L^z^-a^l = 
.x m+1 | < e/8, |L m+1 (z)-x m+1 | < e. Thus, {x„}£° =1 is e-shadowed by {L"(z)}£° =1 . 
The proof of (ii) is done similarly by using Proposition 13. If ii) . □ 

4. PSSP FOR LORENZ FLOWS 

In this section, we will prove Theorem 12. 71 First, consider a Lorenz map L satis- 
fying the conditions H2.2fl ~ H2.4fl arK - a ^-Lorenz flow ip. Recall that T = {(0, y, 1) E 
5- ; \y\ < 1} is the singularity set on E, and set T = {(x,y,z) E II; x = 0}, 
where II = [— 1,1] 2 x [0,1]. For the proof of PSSP for ip, we need to fix a one- 
parameter family of Lorenz maps L M and i^-Lorenz flows. Here, we suppose that 
{L M } M g[o !AIO ] is the one-parameter family given in §2 and take a C^-one-parameter 
family {pa} ue[o,p, ] satisfying d<p u /dt(x,0) = d<p/dt(x,0) for any x E 7V 1/10 (f , II), 
where N V (Y,X) denotes the 77-neighborhood of a compact subset Y in a metric 
space (X, d), that is, N V (Y, X) = {x E X ; d(x, Y) < r/}. 

Let us fix < e < 1 arbitrarily and determine constants 8, f > and /i E [0, /xq] 
such that any (<5, f )-chain for ip^ is e-shadowed by ip. 

4.1. Interpolated chains and crossing sequences. Throughout the remainder 
of this section, fix f > so that, for any x E E and /x E [0, /i ], w(x, (0, 5f])nE = 0. 
Let {x n }„>o be a (5, f )-pseudo-orbit for tp^, i.e. |x„ + i — tp u (-x. n ,t n )\ < S for some 
{t n }n>o with t < t n < 2f and Xo G E. Let {^fj,- n }n>o be the (8, f)-chain for 
associated to {x n } n > , i.e. $ w „ = ^ M (x„, [0, t n \). When ip u (x n ,t n ) ^ 

Xrt+l; IS 

the open segment in R 3 whose closure connects ip fJ ,('x. n ,tn) with x n +i, and otherwise 
o n = 0. Set 

and call {^^^jn^o the interpolated (8, f)- chain for associated to {x„}„>o (or 
more strictly to {x„, i„}„>o)- Let U be a small neighborhood of the origin in R 3 
with U n E = 0. When "I^n is contained in U, may have an arbitrarily small 
length. On the other hand, $^ ;ra 's not contained in U have lengths bounded away 
from zero. Thus, there exists So > such that, for any $ M;n with $ M; „ n E / 0, 
the length of $ M;n is greater than 38q. This assumption is crucial in our argument 
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below. In fact, it guarantees that, if < 5 < do, the union U n>0 ^jujn of any 
interpolated (S, f )-chain contains no jagged subsets intersecting E zigzag. So, we 
suppose from now on that < 5 < S . 

Let {«i}i>o be the strictly monotone increasing sequence with n = and such 
that {rii}i>i consists of all positive integers n with $ M;n nE ^ and t&^-inE = 0. 

Definition 4.1. For each ni > 0, the crossing point of is a unique point 

of ^fi-m D E if ^fi-m n E ^ 0, see Fig.|JJ(a), otherwise y$ is a point of a ni n E, see 
Fig. 0(b). The {yi}i>o is called the (S,f)- crossing sequence for ip^ associated to 
{x n }„>o- 




(a) (b) 

Figure 6. In the case (a), both <& Kni , ^^-m+i meet E non- 
trivially. But, the crossing point of Q^-.m+i with E is not an ele- 
ment of {yi}i>o, i-e. n i+ i > rij + 1. 

Remark 4.2. We note that a (5, f )-crossing sequence {yi}i>o for is in general not 
a pseudo-orbit for L M even if 5 > is very small. The crucial part in our proof of 
Theorem 12 .71 is to show that {yi}i>o is approximated by a pseudo-orbit {wi}i>o for 
L M , which in turn is approximated by an actual orbit {L l (z)}i>o of L by Theorem 
IO 

4.2. Proof of Theorem 12.71 For any (6, f)-crossing sequence {yi}i>o for ip^, the 
broken subsegment in U n >o connecting y; with y i+1 is denoted by (y,-,yi+i>*. 
In the case when {yi}i>o is a finite sequence {yi}^ , (y,„, — )* is the broken forward 
ray in U„>o emanating from y m . 

For any z G E\T and /i G [0, /Lto], let Tp. z > be the number with ^(z, (0, T M;z ))n 
E = and ^(z,r W!! ) G E, that is, ^(z,r wz ) = L M (z). 

For any < 77 < 1, set 11(77) = [— ?7] 2 x [0, 77], 5 s id o n(7y) = {-77, 77} x [-77, 77] x [0, 77] 
and <9to P II(77) = [—77, n] 2 x {77}. Note that d s id o n(?7) (resp. dtopll^)) consists of two 
vertical rectangles (resp. a single horizontal square) in II = 11(1), see Fig. [7| Since 
any (5, f )-pseudo-orbit {x ra }„>o for ip^ is taken in the trapping region T v (see 
Definition I2.4JI . U ra >o ^V;« ^ ^(77) is contained in dtopII(?7) U d s id e n(77) for any 
small 77 > 0, which is suggested by Fig.|21and Fig. [7J 
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n 




Figure 7. 'side's represent <9 s id c n(?y), and 'top' does 9 top n(?7). 
The gray cusp with vertex is the union lj xgr </? M (x, [0, oo)) C 
W s (0). 



Lemma 4.3. There exist < 5% < So, < fJ,\ < fa and < E\ < 1/10 such that, 
for any < /x < fii and any (S2, f)- crossing sequence {yi}i>o for ip^, the following 
conditions (i) and (ii) hold. 

(i) //Zj G S\r satisfies |zj-yi| < £1 and |£(z;) -y i+1 | < £i, i/ien (y 4 ,y l+ i)^ 2 
zs e-shadowed by (p(zi, [0, To ;z J). 

(ii) i7{yi}i>o *s a finite sequence {yi}i™Lo> then for anyz m € T wrf/i |z m — y m | < 
£1, (y m ,-)J, ! «s e-shadowed by ip(z m , [0, 00)). 

Proof, (i) From the definition of Lorenz flows, we have < 770 < e/30 such 
that the restriction ip p |II(3?7o) is the linear flow (e Xlt x, e~~ X2t y, e~ A3 *z) for some 
— A2 < —A3 < < A3 < Ai independent of /i G [0,/io]- There exists 771 > 
such that |[w(x, [0, f])]a;| — |[x] x | > 771 for any /j G [0, /Jo] and any x G II with 
^(x, [0, f]) n <9 si d c n(?7o) ^ and [y]„ - [^v(y, [0,f])]„ > 771 for any y G II with 
t/? M (y, [0,f]) n 9 t opII(r7o) 7^ 0, see Fig- EI Then, there exists < Si < min{?7o, 771/2} 
such that, for any interpolated (Si, f )-chain {'^nln^o, if "IV;nn<9sidcII(77o) ^ 0, then 
( I > /j;ri+2nlI(77o) = 0. Intuitively, this means that the chain {&^k}k>n eventually goes 
away from II(?7o) if $ M;n H <9 S idcII(?7o) ^ 0, see Fig- El Similarly, one can choose the 
Si so that, if n 9 t o p n(r7 ) ^ 0, then # WTi+2 n 5 top n(?7 ) = 0. For any z G £ \ T, 
we set t^ja = if ^(z, [0, t m;z ]) n n(?7o) = and otherwise i p;z = r + — r_, where 
[r_,r+] is the subinterval of [0,r wz ] with </? M (z, [r_,r + ]) = w(z, [0,t m;z ]) n U(r]o)- 
Since (p^ has no singular points in T M \ n(?7o), there exists sq > such that, for any 
z G £ \ r and /i G [0, /Lto], T" wz — i M;z < so. From this, we know that, for any inter- 
polated (Si, t )-chain {3 > Ai;n }n>0; there exists the number of n's with m < rt < Tij+i 
such that ^^in is not wholly contained in II(?7o), and is bounded by a constant 
independent of z G £ \ T and /i G [0,/io]- Then, one can choose < S2 < S±, 
< Hi < Moi < £i < 1 such that, for any ((52, f)-crossing sequence {yi}i>o for 
</V (y^yi+i>M \ n (%) is e-shadowed by (pfa, [0,r 0;Zl ] \ [v-,v + ]) if Q < fi < m, 
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\ z i — Yi\ < £1 and \L(zi) — y;+i| < ei, where is the subinterval (possibly 

empty) of [0, to ;z J with (p(zi, [0, to ;z J) H 11(770) = y(Zj, [t>— , «+])■ Since the diameter 
of II(?7o) is less than e/2, (yi, yi+i)^ 2 H n(7y ) is also e-shadowed by (p(zi, 
see Fig.^| This shows the assertion (i). 

(ii) The proof is quite similar to that of (i). Suppose that < /i < [i\ and {y;}™ 
is a finite (52, T)-crossing sequence for ip^. From the argument in (i), (ym,™)* 2 is 
disjoint from <9 s id o n(r7o). For any z rn G T with |z m — y m | < ei, let u_ be a unique 
point in [0, oo) with ip(z m , u_) G 9topII(r/o)- Then, (y m , —)s 2 \ n(f?o) is e-shadowed 
by ip(z, [0,V-]). Since <p(zi, [w_,oo)) is contained in II(?7o)nr, (y m , — nn(?7o) is 
e-shadowed by <p(z m , [u_,oo)). Thus, (y m , — )* 2 is e-shadowed by ip(z m , [0, oo)). □ 

By Theorem l2.3l there exist ft g (0, /ii] and £o > such that any £o-pseudo-orbit 
for Lft is ei/2-shadowed by an actual orbit for L. From now on, we fix a ft > 
satisfying this condition and suppose that any pseudo-orbits and crossing sequences 
are those for ipp,. Here, one can suppose that the £o is less than e\. 

Proof of Theorem \2.7\ First, let us consider the case when crossing sequences 
associated with a pseudo-orbits are infinite. We will show that there exists < 
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Figure 10. The points u± represent y(zj, v±). 



8 < S2 such that, for the infinite crossing sequence {yi}i>o associated with a (5, f )- 
pseudo-orbit {x„}„>o, there is an infinite sequence {vfi}i>o in E which is a £o _ 
pseudo-orbit for satisfying 

(4.1) |y<-wi| <ei/2 

for any i > 0. 

Note that any flow of (p^ emanating from tends toward either v + or v . Take 
< T)2 < rjo such that, for any z G n(r?2)\r, the first crossing point of fp,(z, t);t > 
with E is contained in either A^ / 3 (v + , E) or N^ / 3 (\-, E). There exists < 63 < 82 
such that, for any (63, f)-crossing sequence {yjoo, if (yi,yi+i)~ 3 H 11(772) 7^ ®, 
then y»+i is contained in either A^ / 2 (v+,E) or A^ / 2 (v— , E). Then, we have 
< £1 < £o/4 and < 84 < S3 such that, for any (£4, f)-crossing sequence {yi}i>o, 
(yi,yi+i)^ 4 meets 11(772) non-trivially if |[yi] x | < £i- O ne can take < 8 < 84 such 
that if \ [yi] x \ > £1 for a (8, f)-crossing sequence {yJ;>o, then (yi,y;+i)~ is disjoint 
from r and 

(4-2) |y i+1 - L A ( yi )| < ^o/2. 

We set Yi = w, if |[yj] x | > £i- Here, we need to consider the following three cases. 

Case 1: \[y t ] x \ > £1 and |[y l+ i] x | > 

Since y^ = w, and y i+1 = Wj+i, by l|4.2|l. |w i+ i - L/i(wj)| < in- 
case 2: \[ yi ] x \ < fr. 

In this case, (yi,yi+i)| may intersect with T non-trivially. Then, it 
can happen that y i+ i G A^ / 2 (v,,,E) and Lf l (y i ) G ^ / 2 (v_ t ,E) for some 
1 G { + ,—}, see Fig. ^3 Take a point Wj G E with [wi]„ = [yi]y, < 
|[wi] x | < £1 and l = sign[wi] x = -sign[y i+ i] x . This definition implies 
|wi-yi| < 2fi < £o/ 2 < £i/2. Since |[y 4 +i] x | > l-fo/2 > £1, y i+ i = w t+1 
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and hence 

|£a( w ») - w i+ i| = |If A (wj) -y i+ i| 

< |-M w i) ~ + K — y»+il 

< Co/2 + £o/2 = Co- 

Case 3: |[y<]ar| > £1 and |[y 1+ i]x| < 61 ■ 

As was shown in the argument of Case 2, |wj+i — yj+i| < 2£i. Since 
y s : = Wj, the inequality 14.2fl implies 

|£^(wj) - w i+ i| < \Lp,{Yi) - y i+x \ + |y i+1 - w i+1 | 

< &/2 + 2^<&. 

By Cases 1-3, {wj}i>o is a £o-pseudo-orbit of satisfying l|4.1|l . By Theorem 
there exists z e S \ T with U^o il ( z ) n T = and such that {L i (z)} i > 
ei/2-shadows {wj}j> . Since |y i - L l (z)\ < |y, - w,-| + |w, - L*(z)| < ei, by 
Lemma r4.3l (i). the (<5, f )-chain {^/^nj-n^o associated to {x^ln^o is e-shadowed by 
the actual orbit (p(z, t); t > 0. 

Next, we consider the case when crossing sequences associated with (62, f)- 
pseudo-orbits is finite. By the argument as above, we have < 6 < 8% such 
that, for the finite crossing sequence {yi}™ associated with any (6, f ^pseudo- 
orbit {x„}„> , there is a sequence {wi}-" in S which is a £ -pseudo-orbit for 
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satisfying |y, — Wi| < £i/2 for any i 6 {0, 1, • • • , m}. By Theorem 12. 3l (ii). there 
exists z € £ with [J™ Q 1 L l {z) n T = 0, L m (z) € T and such that {X''( z )}£Lo £i/2- 
shadows {wJ™o- Then, by applying Lemma [4.31 (1) (m — l)-times and (ii) once, 
one can show that the ((5,f)-chain {$/i ;n }„>o associated to {x n }„> is e-shadowed 
by the actual orbit ip(z,t);t > 0. This completes the proof of Theorem 12. 71 □ 
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